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As a type of shape-programmable soft materials, hard-magnetic soft materials (HMSMs) exhibit rapid and
reversible deformations under applied magnetic fields, showing promise for soft robotics, flexible electronics,
and biomedical devices. The realization of various controllable shape transformations is crucial to the rational
design of relevant applications. However, due to highly nonlinear relation between large deformations and
actuation fields, how to quantitatively design the residual magnetization distribution and driving magnetic
field in the initial configuration to morph into a target shape remains a challenge. Here, we propose an
inverse design strategy for targeted bending dominated deformations of hard-magnetic beam structures, which
combines a 3D hard-magnetic rod model with intelligent optimization algorithms, enabling hard-magnetic
beams to achieve multi-step pre-designed shapes by programming the magnetization densities and external
magnetic fields in the initial undeformed configuration. Based on the proposed framework, we explore diverse
target shapes under various magnetization modes, and compare the numerical accuracy and efficiency of three
intelligent optimization algorithms. Moreover, we demonstrate multi-step inverse design examples in which the
same sample achieves a flexible transition of various pre-designed deformation modes. The results demonstrate
that the presented strategy offers an innovative and versatile approach for programmable inverse design of
morphing magnetically-driven flexible devices and soft robotics.

1. Introduction by incorporating hard-magnetic particles or discrete hard magnets into

a soft matrix [21,22]. When subjected to an actuated magnetic field,

Shape-programmable soft materials have the ability to sense exter-
nal stimuli (e.g., light, temperature, humidity, electric field, magnetic
field, etc.) and make deformation responses. They can transform be-
tween complex shapes and typically have one or several characteristics
of rapid, reversible and reconfigurable deformation, remote controlla-
bility and shape memory. A series of shape-programmable soft mate-
rials include liquid crystal elastomers (LCEs) [1-3], hydrogels [4,5],
magnetic soft materials [6,7], and shape memory polymers (SMPs) [8,
9]. As one of them, hard-magnetic soft materials (HMSMSs) can rapidly
respond to the external magnetic field and have flexible programmabil-
ity, which hold enormous potential for applications like flexible elec-
tronics [6,10,11], drug delivery [12,13], metamaterials [14-17], actua-
tors [18], and soft robotics [7,19,20]. HMSMs are typically synthesized
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these magnetization-saturated hard-magnetic particles produce internal
torques. Therefore, the morphological transition of HMSMs is achieved
through pre-designed magnetization distributions and directions [23-
25]. In general, the programming magnetization distribution of HMSMs
is based on nonuniform hard-magnetic particle distribution (magnetiza-
tion density magnitude) [20,26] or anisotropic hard-magnetic domains
(magnetization density direction) [6,7,27]. The properties regarding
residual magnetization are generally established during the device
fabrication stage, combining advanced manufacturing techniques and
novel design concepts [6,27-30], resulting in significant progress in
biomimetic soft robots and functional devices. [28] reported a novel
manufacturing technique with two components: a passive component
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and an active component, which can create a beam with varying
magnitude and direction of magnetization density. [7] obtained a
multimodal motion soft robot with axially varying magnetization di-
rections by wrapping a hard-magnetic beam around a cylinder for
magnetization. [6] reported a 3D printing technique combined with
a magnetic field that can quickly print HMSM structures with pro-
grammed ferromagnetic domains, enabling rapid morphing from 2D
shapes to complex 3D configurations. Inspired by their work, [31] pro-
posed a “voxel-encoding DIW printing” method that enables HMSMs to
have different magnetization density magnitudes through the combina-
tion of multiple layers. [32] used 3D printing and packaging techniques
to produce hard-magnetic beams with anisotropic magnetization pro-
files for biomimetic applications. [20] developed a hard-magnetic beam
with nonuniform distribution of magnetic particles to build magnetic
soft continuum robots (MSCRs). Additionally, [29] developed a method
based on ultraviolet (UV) lithography that can achieve 3D magnetiza-
tion profile programming for HMSMs. The laser-rewritable magnetic
composite film reported by [30] and the magnetic dynamic polymer
(MDP) composite developed by [27] can achieve reprogramming of
the magnetization profile. [33] proposed a magnetization programming
method based on the structural buckling instability phenomenon, pro-
viding a template-free and on-demand manner for the formation of
HMSMs with 3D continuous nonuniform magnetization profiles. [34]
developed a high-remanence hard-magnetic photosensitive suspension
for 3D printing shape-programmable soft actuators.

To harness the programmable deformation potential and enable
rational structure design of HMSM, significant efforts have been made
on quantitative prediction of the deformation behavior of HMSMs. [35]
developed a theoretical framework of the ideal HMSMs constitutive
model and established a finite element simulation framework, verified
by [6,27,31]. Based on the work of [35,36] considered viscoelastic
effects of HMSMs. [37] derived nonlinear formulas for finite defor-
mation analysis of HMSMs based on the micropolar continuum the-
ory [38] and explored the viscoelastic effect [39]. [40] derived a
meshfree model based on the radial point interpolation method to
describe nonlinear behaviors of HMSMs, enabling rational designs of
programmable locomotion modes in flexible robotics. [41] developed
a finite-strain solid-shell model to predict shape morphing of magneto-
elastic structures without plane stress or Kirchhoff assumptions, which
demonstrates superior computational efficiency and accuracy than the
traditional eight-node brick element [35]. In addition, there exist some
studies on the theoretical modeling of HMSMs from the micromechan-
ics standpoint [42-44]. When considering geometric characteristic of
most slender structures, the modeling of HMSMs can be simply viewed
as beam- and rod-like structures. [45] proposed a large deformation
beam model of HMSMs [35], focusing on the deformation of a slender
hard-magnetic beam with a uniform magnetization along the body
under uniform magnetic fields, which has been applied in the design of
ferromagnetic soft continuum robots [19]. [26] focused on the mechan-
ical responses of a functionally graded hard-magnetic soft (FGHMS)
beam with a continuously varying volume fraction of hard-magnetic
particles actuated by a uniform external magnetic field. [46] proposed
an extensible variable curvature hard-magnetic soft beam model based
on the Timoshenko shear deformation theory. [47] provided a com-
prehensive framework based on reduced-order theory to predict the
response of hard-magnetic beams under magnetic excitation, focusing
on nonuniform magnetic fields with constant gradients. Following the
Kirchhoff hypotheses, [48] established a reduced-order framework to
analyze hard-magnetic rods, investigating the deformation of straight
and curved rods with magnetization densities perpendicular to the
axial direction under either constant or constant-gradient magnetic
fields. [49] applied the co-rotational method to decouple rigid-body
motions from spatial deformations of slender hard-magnetic elastica,
which dramatically enhanced computational performance compared
with traditional solid element [35].
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Prior works have mainly focused on modeling the “forward prob-
lem”, which involves predicting the deformation of a prior given
HMSMs structure under external magnetic actuation. However, achiev-
ing programmable deformations into arbitrary target shapes remains
a crucial challenge in shape-morphing systems [50], namely inverse
design. Various approaches have emerged across different actuation
mechanisms. [51] demonstrated an approach to achieve programmed
shape-morphing by encoding the distribution and direction of modular-
designed hinges. [52] explored the inverse design of programmable
shape-morphing kirigami structures, while [53] developed a design
framework for 3D-printed thermally activated shape-morphing struc-
tures. [54] proposed a modeling approach for programmable morphing
structures with variable stiffness, and [55] studied curved-creased
origami metamaterials with programmable stability and stiffness. Ad-
ditionally, [56] demonstrated the shape programming of porous bi-
layer hydrogel structures, and [57] applied topology optimization
for arbitrary curvature programming of thermo-active liquid crystal
elastomers. For HMSMs, the key lies in providing a solution for the
initial magnetization distribution and driving magnetic field based
on target deformed shapes, namely inverse design. Due to highly
nonlinear relation between large deformations and actuation fields of
HMSMs, there are only few works on inverse design. [28] developed a
programming methodology to represent the magnetization density and
actuating magnetic field in terms of a 1D Fourier series. They generated
the required magnetization profile and actuating magnetic fields for
HMSMs by optimizing the coefficients of Fourier series to obtain
time-varying shapes. [32] proposed a shape-programming strategy to
derive the magnetic moments and actuating magnetic fields required to
transform HMSMs into stable shapes. [31] employed an evolutionary
algorithm (EA) to design the magnetization distribution and applied
DIW printing technology to fabricate magnetic voxels for assembling
structures, thereby achieving the desired curvatures. [20] optimized the
workspace of magnetic soft continuum robots (MSCRs) by integrating a
theoretical model and the genetic algorithm (GA). These optimization
strategies mainly focus on beam-like structures. [58] developed a multi-
physics topology optimization framework for the inverse design of
magneto-active kirigami metasurfaces, bio-inspired robotic motion and
actuation. [59] presented a framework for optimizing hard-magnetic
soft materials for programmable deformations, which was later ap-
plied to the design of magneto-mechanical metamaterials [60]. [61]
introduced a multiphysics topology optimization framework that con-
currently optimizes topologies and continuous remanent magnetization
distributions in the magnetic soft materials and structures. However,
most current design strategies are based on a single target shape, which
can only handle relatively simple scenarios.

Here, we propose an inverse design strategy for targeted deforma-
tions of hard-magnetic slender structures, which enables hard-magnetic
beam networks to achieve pre-designed shapes by programming mag-
netization densities and external magnetic fields. We establish a func-
tional relation between the deformed shape of the beam and its magne-
tization density and external magnetic field using a 3D hard-magnetic
rod model, thus transforming the inverse problem of bending defor-
mation into a highly nonlinear and non-derivable function extremum
problem that can be solved by intelligent optimization algorithms. We
demonstrate the optimization results of hard-magnetic beam structures
under three magnetization density programming modes through several
representative examples, and weigh up the pros and cons of three
intelligent optimization algorithms, which evaluates the performance of
the inverse design strategy of programmable morphing. Moreover, we
design complex optimization cases involving multi-step deformations of
the hard-magnetic beam networks and cellular thin-walled structures.
Our framework provides an effective and versatile tool for inversely de-
signing programmable shape-morphing structures driven by magnetic
fields.

The paper is organized as follows. In Section 2, a 3D hard-magnetic
rod model is presented including the theoretical framework and compu-
tational method. In Section 3, a programmable inverse design strategy
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Fig. 1. Coordinates of a flexible hard-magnetic rod and its force equilibrium. (a) A rod with permanent magnetization M subject to applied magnetic fields B*. (b) Cross-sectional
local coordinate system (), 2). Schematic of force states: (c) infinitesimal volume element and (d) 1D line element.

of morphing hard-magnetic materials is established. The inverse de-
sign problem is firstly transformed into the minimum value problem
of the error function, and then solved by three intelligent optimiza-
tion algorithms (genetic algorithm, particle swarm optimization, and
simulated annealing algorithm). To demonstrate the flexibility and
effectiveness of the proposed inverse design framework, we explore
numerous examples with diverse structures in Section 4.

2. A 3D hard-magnetic rod model

In this section, we construct a forward model for the inverse de-
sign of hard-magnetic structures. We apply a 3D hard-magnetic rod
model [49] to compute large deformations of hard-magnetic slender
structures. Compared with other finite element models, this model only
needs a small number of elements to ensure numerical accuracy, and
the superior computational efficiency is particularly important in the
subsequent iterative optimization process in the inverse design.

As shown in Fig. 1(a), we investigate a rod of length L, width W,
and thickness H, exhibiting isotropic elasticity described by mechanical
properties such as Poisson’s ratio v, shear modulus G and Young’s
modulus E = 2(1 +v)G. Note that geometric nonlinearity of the slender
structure plays more important role than material nonlinearity under
applied magnetic stimuli [41]. In large-deflection bending deforma-
tions driven by small-magnitude magnetic fields, the axial elongation
remains relatively small (typically less than 0.01 [62]), and thus pre-
dictions of linear elasticity are consistent with hyperelastic laws [41].
Therefore, linear elastic law appears to be sufficient to accurately
describe the bending dominated deformation behavior. Here, the ex-
tensible Kirchhoff hypothesis is adopted, assuming that the rod allows
large displacement and rotation but small strain, without shear defor-
mation. For the slender HMSMs beams considered here, the Kirchhoff
rod theory provides an adequate description of bending deformations,
and shear effects are negligible for beams with high aspect ratio [46].
The flexible rod is simplified as a 1D structure, characterized by a
centerline r(s) with arc-length parameter s € [0, L] [63,64]. Three unit
basis vectors {d; = r’(s),d,,d;} define the cross-section orientation
(see Fig. 1(a)). The curvature vector k = k;d; + k,d, + k3d; comprises
torsional curvature k; about d;, and bending curvatures , and k3 about
d, and dj, respectively. Using coordinates (%, y, £) with respect to the

basis {d,,d,,d;}, for any point (3, 2) in the cross-sectional plane (d,,d5)
(see Fig. 1(b)), strains are given by
€1 =&, — Jk3 + 2K,,
€15 = —2ky, (€}
€13 = JK1,
where ¢, is the axial strain along d,. Then, the stress tensor is obtained
by

oy E 0 Of|eq
on|=10 G O||epn], (2)
o3 0 0 Gllegs

in which 65, = 053 = 63, = 633 = 0. The strain energy of the rod can be
written as

1 1
we =/ 3 (o11€11 + 012812 + 013813) AV
V
Ly 3
:/O 5 (EAg, +GIx{ + Ely + EL3xs) ds,

in which A denotes the cross-sectional area and the corresponding
moments of inertia are given by

12:/22dA, I, :/ysz, L =L+ (€]
A A

The variational form of Eq. (3) reads

L
swel :/ (% - d; 8¢, + m® - d; 5k + m®! - dySx, + m®! - d36ic;)ds,
0

(5)

where the direction of the elastic force f¢! aligns with the vector d, and
m¢! denotes the torque, given by

fel = EAe,d,,
el (6)
m- =Gl xd; + El,x,d) + El;x3d5.

We employ an ideal constitutive framework for hard-magnetic elas-
tomers [35,65] to characterize the effects of applied magnetic fields.
Recent work indicates that the remanent magnetization in HMSMs
depends on rotation rather than stretching, as magnetic particles are
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too rigid to stretch compared to the polymeric matrix. Considering the
R-based magnetic potential [66], $™* = —RM - B*, the magnetic first
Piola—Kirchhoff stress can be expressed as [67]

ma _ _ (OR\" 1pa
p __(ﬁ) [B* @M], %)
where F is the deformation gradient and R is the rigid-body rotation.
Under deformations involving large rotations and small stretches, we
neglect the effect of stretching in magnetic potential energy with F ~ R,

and the Cauchy stress can be represented as

o™ = —%B"‘p ® RM = —B ® M, ()
in which M and M®* represent the internal remanent magnetization of
materials in the initial and current configuration, respectively. The ap-
plied magnetic field is denoted by B* and ® indicate the tensor product
operation. Note that the presence of body couples due to magnetic-
mechanical coupling inherently leads to an asymmetric Cauchy stress
tensor [37,68], which has provided satisfactory predictions for slender
HMSM structures [35,47]. This theoretical framework requires spatially
uniform external magnetic fields and homogeneously distributed mag-
netic particles [69]. Additionally, the magnetic flux density induced
in the material is assumed to be linearly related to the external field
strength at small magnitudes. When the external magnetic field is non-
uniform, e.g., if the sample is too close to the magnetic actuation
source, interactions between the boundary and the magnetic field must
be considered. Similarly, the geometric boundaries of the samples have
considerable effects. The non-uniformity of magnetic fields near the
bulk specimen corners may be non-negligible, while it is less pro-
nounced in slender structures. In such cases, the magnetic flux needs
to be regarded as an unknown field that requires full-field analysis
combining boundary conditions and the displacement field [70].

The incompressibility condition of the material requires J
= det(F) = 1. For an infinitesimal volume element in the local
coordinate system d;,d,,d; (Fig. 1(c)), the magnetic stress ¢™* reads

o.ir;_!a — _E?PMfur. 9)

For planes orthogonal to d;, expressions for magnetic force and
moment are written as

df? = oM djdzd, ,
dm|} = —o[}'dpdz - d% = —o|}'dV d,, (10)
di™ = 6™V ds.

Similar expressions can be derived for the d, and d; orientations.

Consequently, the total magnetic force and moment within the volu-
metric element (see Fig. 1(d)) can be represented by

df™ = o} *dgdzd, + o5y dzdsd, + 0§y dxdids, amn

d™ = (-o}'d, + 035'd, + 07y'd; — 03)'d; — 03y'd; + o) d))dV

reur 7 12)
=M x B®dV.

Within the Kirchhoff rod theory, the analysis focuses on d,; direc-
tion, yielding df™ = o'djdzd,. By integrating df™ and dm™ across
the cross-sectional area, one obtains

fme = —BIPMS™ Ad,,
drh™ =M x BPA. 13
ds

The interaction between external magnetic fields and magnetization
is equivalent to a longitudinal force f™ in the direction d, and a torque
m™. For numerical implementation, we discretize the 3D magnetically-
actuated beam using rod elements with two nodes. A co-rotational
approach is adopted to remove rigid-body motion [71]. We solve the
system through explicit time integration within an updated Lagrangian
(UL) framework [72]. The complete numerical scheme is presented in
Appendix A.
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3. Inverse design strategy for hard-magnetic beams

In this section, we develop an inverse design framework combining
intelligent optimization algorithms. For a hard-magnetic beam, the
distribution of its magnetization density M (magnitude and direction)
determines its deformation under the applied magnetic field B*. To
morph the hard-magnetic beam into a target shape, i.e., programming
its magnetization density M, applied magnetic field B* and other pa-
rameters, we convert the inverse problem into a numerical optimization
problem for solving the minimum value by intelligent optimization
algorithms. The process of solving the inverse problem is illustrated in
Fig. 2(a).

In computations, each magnetic beam is divided into N elements
with a total of N+1 nodes by two-node rod element. The target bending
shape of the magnetic beam is represented by the coordinates at corre-
sponding N +1 nodes, denoted by xéx (i=1,2,..., N+1). Therefore, one
needs to solve the magnetic density distribution of the hard-magnetic
beam on each element M/ (j = 1,2,..., N) to minimize the deviation
between the actual and target shapes. Here, we take the parameter set
{M/,B®} to be designed as an independent variable. For any set of
parameters {Mj s Bap}, the bending deformation shape of hard-magnetic
beams can be calculated through the hard-magnetic rod model, that
is, the corresponding node coordinate {x/} (i = 1,2,...,N + 1). Then
the difference between the node coordinates {x'} (i = 1,2,...,N + 1)
calculated and the node coordinates {x! } (i = 1,2,...,N + 1) on the
target function is used to describe the shape error, and the relative error
function is defined as

A i {xu - )
f({M/’BaP}) = N+1 . :
Zi:T I {X(lex} |

In this way, the inverse design problem of parametric magnetization
density M and applied magnetic field B* can be transformed into
a minimum value problem of the relative error function (14). Since
this kind of mapping extremum problem is highly nonlinear and non-
derivable, we adopt three different intelligent optimization algorithms
(genetic algorithm, particle swarm optimization, and simulated an-
nealing algorithm) to solve it (see Fig. 2(b)). These nature-inspired
algorithms demonstrate adaptive problem-solving capabilities by simu-
lating natural processes and collective intelligence. Specifically, genetic
algorithms mimic evolutionary principles through selection, crossover,
and mutation operators. Particle swarm optimization simulates the so-
cial dynamics of bird flocking or fish schooling where individuals share
information to guide the swarm, and simulated annealing replicates the
controlled cooling process in metallurgy to reach optimal states. These
approaches enable the algorithms to learn from iterations, adapt their
search strategies, and make probabilistic decisions when exploring the
solution space. Another key advantage of these methods is that they
do not require gradient information, making them particularly suitable
for the non-differentiable and discontinuous problem. Compared to
gradient-descent based algorithms [73-76], these algorithms can better
handle multimodal optimization problems and avoid getting trapped
in local optima. Moreover, unlike data-driven approaches [77], they
do not require large amounts of pre-collected training data. Detailed
description of algorithms can be found in Appendix B.

14

4. Results and discussion

We explore a series of cases that present the capabilities and ef-
fectiveness of the proposed inverse design strategy of hard-magnetic
beam structures. Section 4.1 explores target shapes under three differ-
ent magnetization modes, compares the numerical efficiency of three
intelligent optimization algorithms, and evaluates the effectiveness of
the programmable inverse design strategy. Section 4.2 demonstrates
multi-step inverse design examples in which the samples achieve a
flexible transition between different pre-designed shapes. Section 4.3
presents an optimization case for spatial deformations of complex
hard-magnetic network structures. The proposed inverse design frame-
work of hard-magnetic beam structures is implemented using in-house
Matlab code.
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Fig. 2. Overview of the inverse design framework for hard-magnetic beam deformations. (a) Flow chart for solving the inverse problem of hard-magnetic beam deformation. (b)

Flow charts of three intelligent optimization algorithms.

Table 1

A hard-magnetic beam deforms into the target shape z = 0.03x> under the excitation of applied magnetic field B® = 10d; mT. Distributions of magnetic density M are calculated
iteratively by three intelligent optimization algorithms in the continuous domain of magnetization intensity |M| =0 ~ 114 kA/m.

Algorithm Element 1(2) 34) 5(6) 7(8) 9(10) 11(12) 13(14) 15(16) 17(18) 19(20) Error (%)
GA IM| (A/m) 777 1601 4900 30846 8725 8151 5042 19352 11848 23703 0.66
PSO IM| (A/m) 49696 0 0 0 9259 0 30940 4140 33088 21362 0.17
SA M| (A/m) 1101 1989 938 4426 8006 844 33482 43509 14468 594 0.40

4.1. Inverse design of hard-magnetic beams with large deformation

Let us first demonstrate the feasibility of the inverse design strategy
by achieving the bending deformation of several simple shapes of hard-
magnetic beams. Here, a cantilever beam with a length of L = 17.5 mm
and a square cross-section (W = H = 0.875 mm) is analyzed. The beam
is discretized into n = 20 elements. The simulation parameters include a
total duration of t = 2 s, time increment of Ar = 1x 10~ s, and damping
coefficient ¢ = 20. The external magnetic field is gradually increased
with a linear ramp-up from zero to maximum value during the first
step of simulation (0 ~ 0.5¢), followed by a constant value for the rest
(0.5¢ ~ 1) to reach equilibrium. In the inverse design, the magnetization
density M of the hard-magnetic beam is divided into ten segments.

4.1.1. Inverse problem solving on continuous domain

In this section, we assume that the magnetization density M is along
the axis of the hard-magnetic beam (positive direction of the x-axis) and
the magnitude can vary continuously in the range of 0 ~ 114 kA/m. The
hard-magnetic beam will transform into the target shape z = 0.03x?
under the excitation of applied magnetic field B®» = 10d; mT. The
relation between magnetization intensity |M|, shear modulus G of hard-
magnetic soft materials and volume fraction of magnetic particles ¢
satisfies [19]

M| = M.

2.5 (15)
G = Goexp (%ﬁ) )

where M, and G, denote the magnetization of magnetic particles
and the shear modulus of pure matrix without particles, respectively.
The volume fraction of magnetic particles is typically limited to ~
30%. Therefore, the design of magnetization density M of the hard-
magnetic beam turns out to be the design of the volume density of the
magnetic particles, and thus the shear modulus G of the hard-magnetic
beam is no longer constant. [62] calculated such functionally graded
hard-magnetic soft beams with varying volume fractions of magnetic
particles. The material parameters M), = 513 kA/m and G, = 137 kPa
are adopted here [35]. Note that we have simplified our model by
neglecting the interactions of internal magnetic fields between different
regions. These interactions may become significant when the volume
fraction of magnetic particles is large [78].

As shown in Fig. 3, genetic algorithm (GA), particle swarm opti-
mization algorithm (PSO) and simulated annealing algorithm (SA) are
respectively employed for optimization. The population number and
algebra of the GA are set as 100 and 50, respectively. To maintain the
consistency of the overall number of iterations of different algorithms,
the total numbers of particles and iterations of the PSO are respectively
set as 100 and 50 as well. The number of the SA is set as 5000 since it
has only one individual in the optimization process. The optimization
processes of three algorithms are illustrated in Fig. 3(a)-(c). The blue
dots and black dots represent the (average) results and the optimal solu-
tions of the current generation, respectively. The resulting distributions
of the magnetization density M and their errors are shown in Table 1.
It can be seen that the three algorithms obtain different results but all
with error less than 1%, indicating the multi-solution of the nonlinear
problem. The design diagram of the hard-magnetic beam corresponding
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Fig. 3. A hard-magnetic beam deforms into the target shape z = 0.03x?> under the excitation of applied magnetic field B = 10d, mT. Three intelligent optimization algorithms are
used to solve the inverse problem in the continuous domain of magnetization intensity |[M| =0 ~ 114 kA/m. (a) Optimization process of genetic algorithm (GA). (b) Optimization
process of particle swarm optimization algorithm (PSO). (c) Optimization process of simulated annealing algorithm (SA). The blue and black dots represent (average) results and
optimal solutions of the current generation, respectively. (d) Design of the hard-magnetic beam with minimum error (0.17%) in the optimization results. (e¢) Comparison of the

target shape, optimization result and solid-shell model [41].

Table 2

A hard-magnetic beam deforms into the target shape z = 3[1 — cos (0.06zx)] under the excitation of applied magnetic field B® = 20d; mT. Distributions of magnetic density M are
calculated iteratively by three intelligent optimization algorithms in the discrete domain with magnetization intensity M| ={-114, -76, —38, 0, 38, 76, 114} kA/m.

Algorithm Element 1(2) 3(4) 5(6) 7(8) 9(10) 11(12) 13(14) 15(16) 17(18) 19(20) Error (%)

GA IM| (kA/m) 0 0 114 -38 38 76 114 76 -76 -114 0.75

PSO M| (kA/m) 38 38 76 0 114 -76 114 76 -114 -38 0.34

SA M| (kA/m) 76 -38 76 76 0 38 114 0 -76 -38 0.71
Table 3

A hard-magnetic beam deforms into the target shape x =

\/R? —(z— R)*, where R = L/z under the excitation of applied magnetic field B* = 30d, mT. Distributions of magnetic

density M are calculated iteratively by three intelligent optimization algorithms in the mixed domain with magnetization intensity |M| ={0, 38, 76, 114} kA/m and its direction

M = 0° ~ 360°.
Algorithm Element 1(2) 34 5(6) 7(8) 9(10) 11(12) 13(14) 15(16) 17(18) 19(20) Error (%)
GA M| (kA/m) 38 76 0 76 38 76 76 114 114 114 1.80
oM () 198.3 158.8 0 16.6 224.5 240.5 194.3 226.3 168.3 161.8 :
PSO M| (kA/m) 114 76 114 76 114 114 76 114 114 114 0.40
oM () 148.5 225.5 0.5 224.0 331.9 215.4 282.0 225.3 135.0 100.0 :
SA M| (kA/m) 38 76 76 114 114 38 114 114 76 114 178
oM () 174.7 98.5 127.2 224.1 208.3 175.3 164.7 164.3 59.9 101.0 :

to the result with the minimum error (0.17%) is drawn in Fig. 3(d).
The optimized deformation profile of the hard-magnetic beam in Fig.
3(e) shows a good agreement with the target shape, which indicates
the effectiveness of the optimization strategy. Note that increasing the
number of population (particles) and iterations of the optimization can
reduce the error, but the algorithms would tend to be cumbersome and
the computational cost dramatically increases.

4.1.2. Inverse problem solving on discrete domain

We next assume that the magnetization density M is along the axis
of the hard-magnetic beam but its magnitude can only vary within a
given set {-114, -76, -38, 0, 38, 76, 114} kA/m. The hard-magnetic
beam transforms into the target shape z = 3[1 — cos (0.06zx)] under the
excitation of applied magnetic field B®* = 20d; mT. [31] developed
a voxel-encoding printing technique to make such hard-magnetic soft

materials. Each section of the hard-magnetic beam is divided into three
layers and the magnetization density M of each layer can be {-38,
0, 38} kA/m. Note that 0 kA/m here refers to the “inactive layer”
without the magnetizing process, but it contains magnetic particles
with the same volume fraction as the other layers. This processing
method discretizes the value range of magnetic density M, which is
more conducive to the production and application of hard-magnetic
beams [31]. Therefore, unlike the previous section, the shear modulus
of the whole hard-magnetic beam remains constant (G = 303 kPa).
The magnetization density M of the whole segment is the vector
summation of three layers, so there are seven cases of magnetization
density M of each segment ({—114,-76,-38,0,38,76, 114} kA/m), and
totally 7' cases of magnetization density M distribution in the whole
hard-magnetic beam.

The optimization processes of three algorithms are respectively
described in Fig. 4(a)-(c), where the blue dots and black dots represent
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Table 4

The tentacles of two hard-magnetic swimming robots deform into the target parabolic shapes (z; = 0.05x%, z,
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= —0.2x2) or sine waves (z; = 3 [l —cos(0.067x,)], z, =

=6 [1 = cos (0.077x,)]) under the excitation of two-step applied magnetic field B{" and B’ . Distributions of magnetic density M and two-step applied magnetic field are calculated
iteratively by three intelligent optimization algorithms in the mixed domain with magnetization intensity |M| ={0, 38, 76, 114} kA/m, its direction ™ = 0° ~ 360°, and applied

magnetic fields [B{’| =0~ 30 mT and |B}"| = -30 ~ 0 mT.

Shape  Algorithm  Element 1(2) 3(4) 5(6) 7(8)  9(10)  11(12)  13(14) 15(16) 17(18) 19(20)  [BP|(mT)  [BY|(mT)  Error(%)
M| (kA/m) 114 0 114 114 38 0 76 76 38 114
A 15. -29. 1
¢ M (°) 312.1 217.0 27.3 72.2 33.6 0 248.4 27.5 276.3 17.2 58 95 414
Para- M| (kA/m) 114 114 114 114 0 0 0 0 0 114
bola PsO oM (°) 0 0 105.3 39.7 0 0 0 0 0 359.5 234 —258 8.52
M| (kA/m) 76 114 76 114 114 114 114 0 0 114
SA oM (°) 264.2 53.8 98.8 0.9 14.4 40.9 175.2 0 0 309.5 159 283 425
M| (kA/m) 76 0 114 114 114 76 0 38 76 76
GA M (°) 55.4 0 63.5 322 36.2 310.4 0 34.4 242.2 146.7 208 2.3 285
Sine M| (kA/m) 114 114 0 0 38 114 114 0 0 76
2 23, -29. .
SO oM (°) 15.3 14.8 0 0 12.4 353.7 104.6 0 0 236.0 3.4 99 3.69
M| (kA/m) 38 38 114 114 114 38 76 0 76 38
SA M () 63.0 257.5 355.5 29.9 37.2 321.7 144.6 0 299.3 141.8 141 219 3.69
(a) (b) (c)
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Fig. 4. A hard-magnetic beam deforms into the target shape z = 3[1 — cos (0.06xx)] under the excitation of applied magnetic field B® = 20d; mT. Three intelligent optimization
algorithms are used to solve the inverse problem in the discrete domain with the magnetization intensity |[M| = {-114, -76, -38, 0, 38, 76, 114} kA/m. (a) Optimization process of
genetic algorithm (GA). (b) Optimization process of particle swarm optimization algorithm (PSO). (c) Optimization process of simulated annealing algorithm (SA). The blue and
black dots represent (average) results and optimal solutions of the current generation, respectively. (d) Design of the hard-magnetic beam with minimum error (0.34%) in the
optimization results. (e) Comparison of the target shape, optimization result and solid-shell model [41].

the (average) results and the optimal solution of the current generation,
respectively. The resulting distributions of magnetization density M
and their errors are shown in Table 2, where the errors of all three
algorithms are less than 1%. The design diagrams of the hard-magnetic
beam corresponding to the result with the minimum error (0.34%) are
drawn in Figs. 4(d) and (e).

4.1.3. Hybrid inverse problem

We now consider a more general case with the direction of magne-
tization density M in the (x, z) plane, since Eq. (13) suggests that the
direction of magnetic density M plays a key role in the deformation
of the hard-magnetic beam. The angle M between the direction of
magnetization density M and x-axis vary in the continuous domain 0° ~
360°, while the magnetization intensity |[M| is chosen within the set

{0, 38, 76, 114} kA/m. Therefore, the decomposition of magnetization
density M in the reference configuration reads

M= [[M|coso™ 0 |M|sinoM] . (16)

The hard-magnetic beam transforms into the target shape x

\/RZ—(z—R)Z, where R L/zx under the excitation of applied

magnetic field B> = 30d; mT. The optimization processes of three algo-
rithms are respectively depicted in Figs. 5(a)-(c), in which the blue dots
and black dots represent the (average) results and the optimal solution
of the current generation, respectively. The resulting distributions of
magnetization density M and their errors are shown in Table 3. The
error of the result obtained by PSO algorithm remains the smallest
(0.40%). The design diagram of the hard-magnetic beam corresponding
to the result with the minimum error (0.40%) is drawn in Fig. 5(d). It
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Fig. 5. A hard-magnetic beam deforms into the target shape x =

\/R? = (z— R)?, where R = L/z under the excitation of applied magnetic field B® = 30d, mT. Three intelligent

optimization algorithms are used to solve the inverse problem in the mixed domain with magnetization intensity M| = {0, 38, 76, 114} kA/m and its direction 6™ = 0° ~ 360°. (a)
Optimization process of genetic algorithm (GA). (b) Optimization process of particle swarm optimization algorithm (PSO). (c) Optimization process of simulated annealing algorithm
(SA). The blue and black dots represent (average) results and optimal solutions of the current generation, respectively. (d) Design of the hard-magnetic beam with minimum error
(0.40%) in the optimization results. (e) Comparison of the target shape, optimization result and solid-shell model [41].

can be seen that the optimized result remarkably matches the target
shape.

Based on above cases, we can see that the inverse design strategy
obtains reliable results with different optimization algorithms. More-
over, it can flexibly change the independent variables under different
conditions and can be optimized in continuous, discrete, and hybrid
domains. In the process of optimization, these three algorithms have
their own advantages and disadvantages. GA can jump out of the local
solution but the convergence speed is slow. PSO converges quickly,
but it is prone to “precocious” and fall into local rather than optimal
solutions. SA has only one individual for iteration and cannot run in
parallel.

4.2. Inverse design of hard-magnetic beams with multi-step deformations

We have shown in Section 4.1 that hard-magnetic beams can flex-
ibly program deformations of target shapes (exponential, sinusoidal,
and semicircular) with a fixed actuating magnetic field. We next de-
sign a swimming robot and a soft gripper consisting of hard-magnetic
beams that can make multiple shape changes in response to multi-step
actuation of changing magnetic fields. The design strategy adopted for
magnetization density M in this section remain the same as that in
Section 4.1.3. The total relative error function is defined as the sum
of the relative errors in multiple steps,

(o)) -

k

{xL ), = {x ), |
PRt

» p N+

J((w.Bry) = 3 2

k=1

a7

where Bip (k = 1,...,p) represents the applied magnetic field of step
k(e=1,...p, {x,}, G=12....,N+1Lk=1,...pand {x}, (=
1,2,...,N+1,k =1, ..., p) represent the node coordinates corresponding
to the target and actual shape of the hard-magnetic beam under the
current applied magnetic field Bip of step k, respectively.

Some swimming robots have tentacles that can repeatedly deform
and paddle in the liquid under the excitation of external magnetic
fields [79,80]. Due to the limited deformation capacity, these tentacles
can only swing symmetrically on one or both sides. However, organ-
isms in nature may have asymmetric shapes and their tentacles may
have inconsistent amplitudes when swinging back and forth during
swimming, as shown in Fig. 6(a). Here, we design a hard-magnetic
swimming robot, which consists of a body (non-magnetic region) and
four identical tentacles (hard-magnetic beams), as shown in Figs. 6(b)
and (d). The tentacles can be transformed into parabolic shapes (z; =
0.05x2, zy = —0.2x2) or sine waves (z; = 3 [l —cos (0.06x,)], z, =
=6 [1 = cos (0.07zx,)]) (taking the right tentacles as an example and the
left side is symmetrical) under the drive of magnetic fields at two steps
B and B", where the two-step deformation shapes are asymmetric.
We consider the tentacle as a cantilever beam with a rectangular cross-
section of length L = 17.5 mm, width and thickness W = H = 0.875 mm.
Assuming that the actuating magnetic field is parallel to the z-axis,
the variation ranges of applied magnetic fields upon optimization read
[B*] =0 ~ 30 mT and |B}’| = 30 ~ 0 mT. The optimization results
of both tentacles with different deformation shapes are illustrated in
Table 4, with minimum errors of 3.52% and 2.85%, respectively. One
can see in Figs. 6(c) and (e) that the optimization results effectively
achieve the target multi-step deformations.

We next design two hard-magnetic soft grippers composed of five
fingers based on the target grasping movement and process of human
hands (see Fig. 7). Unlike previous single-step grippers, we notice that
the hand needs to go through two processes of opening and gripping
from the relaxed state during grasping, as illustrated in Fig. 7(a).
Figs. 7(b) and (d) show two types of hard-magnetic soft grippers. Five
programmed hard-magnetic beams act as “fingers”, which can be trans-
formed into the sine wave z; = 5.69sin (0.03067x,) or quarter circle

shape z; = \/R? — (x; — Rl)z, where R, = 2L/z under the magnetic
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Fig. 6. Multi-step hard-magnetic swimming robot. (a) The swimming process of a sea turtle on the seabed. (b), (d) Motion designs of two kinds of hard-magnetic swimming robots,
whose tentacles can deform into parabolic shapes (z, = 0.05x3, z, = —0.2x2) or sine waves (z, = 3 [1 - cos (0.06xx, )], z, = =6 [I — cos (0.07xx,)]) under the actuation of magnetic

fields at two steps BTP and B;p. (c), (e) Comparison of the target shape, optimization result and solid-shell model [41].

Table 5

Each finger of the hard-magnetic soft gripper can deform into the sine wave z, = 5.69sin (0.03067x, ) or quarter circle shape z, =

R} - (x, - Rl)z, where R, = 2L/z under the

magnetic field B", and then into the semi-circle shape z, = \/R% — (x, — Rz)z, where R, = L/z under the magnetic field BY’. Distributions of magnetic density M and two-step
applied magnetic field are calculated iteratively by three intelligent optimization algorithms in the mixed domain with magnetization intensity |[M| ={0, 38, 76, 114} kA/m, its
direction 6™ = 0° ~ 360°, and applied magnetic fields |B’| =0 ~ 100 mT and [B}"| =0 ~ 100 mT.

Shape Algorithm  Element 1(2) 3(4) 5(6) 7(8) 9(10) 11(12) 13(14) 15(16) 17(18) 19(20) |BTp |(mT) IB:" |(mT)  Error(%)
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Fig. 7. Multi-step hard-magnetic soft gripper. (a) The grasping process of the hand. (b), (d) Deformation designs of two kinds of hard-magnetic soft grippers, with five identical

hard-magnetic beams arranged symmetrically along the ring. Each beam can deform into the sine wave z, = 5.69sin (0.0306zx,) or quarter circle shape z, =

where R, = 2L/x under the magnetic field B}", and then into the semi-circle shape z,

the target shape, optimization result and solid-shell model [41].

field of B}", and then into the semi-circle shape z, = 1/ R% — (x, — Rz)z,

where R, = L/x under the magnetic field of B}". With these “fingers”,
the gripper can perform the grasping process of opening and grip from
the relaxed state. We consider the “finger” as a cantilever beam with
a rectangular cross-section of length L = 17.5 mm, width and thickness
W = H = 0.4375 mm. Considering that the actuating magnetic field is
parallel to the x-axis, the variation ranges of applied magnetic fields
during optimization read [B{’| = 0 ~ 100 mT and [BY’| = 0 ~ 100 mT.
The optimization results of both grippers with different deformation
shapes are shown in Table 5, with minimum errors of 6.17% and 1.74%,
respectively. As shown in Fig. 7(c), the error at the fixed end of the first
type of gripper is observable, since the deformation at the boundary
cannot be precisely introduced in the design, but it does not affect the
grasping function.

4.3. Inverse design of thin-walled network structures

We now program the chiral deformation of hard-magnetic network
structure so that the entire structure can reach the target shape driven
by an applied magnetic field, as shown in Fig. 8(a). Selective particle
trapping can be achieved by exploiting spatial variations in regions
within the deformed network structure [33]. We divide the network
structure into four types by classifying the local deformations (see
Fig. 8(b)). Let us assume that four hard-magnetic beams transform
into the target shapes (z; = —3sin (0.0627x,), z, = 3sin (0.0627x;),
x3 = —3sin (0.0627z;), x4 = 3sin (0.0627z,)) under the magnetic field

10

V Rf - (xl - Rl)z>

R2— (x,— RZ)Z, where R, = L/z under the magnetic field B}". (c), (¢) Comparison of

2

B = 30d; mT. The geometric parameters of the hard-magnetic beam
are set as length L = 17.5 mm, width W = L/2 = 8.75 mm and thickness
H = L/20 = 0.875 mm. The magnetization density M varies in the xz
plane and is chosen in the discrete domain {0, 38, 76, 114} kA/m, while
the direction parameter ™ varies in the continuous domain 0° ~ 360°.
The optimization results of four hard-magnetic beams with different de-
formations are listed in Table 6, with minimum errors of 0.95%, 1.00%,
1.10% and 1.12%, respectively. The computational results of the hard-
magnetic network structure at magnetic fields |B*| = 50, 100, 150 and
200 mT when using the optimized magnetization distribution are shown
in Fig. 8(d). It can be seen that the hard-magnetic network structure can
effectively achieve the target shape.

5. Concluding remarks

We have proposed an inverse design strategy for programmable
deformations of hard-magnetic soft materials and structures. We have
established a functional relation between the deformed shape and its
magnetization density and external magnetic field using a 3D hard-
magnetic rod model, which transforms the inverse problem of the bend-
ing deformation into a highly nonlinear and non-derivable function
extremum problem that can be solved by intelligent optimization algo-
rithms. This novel approach enables hard-magnetic beams to achieve
precise, desired deformations through the strategic design of material
magnetization densities and external magnetic fields.

Based on our inverse design strategy, we have explored shape
changes of hard-magnetic beams under three different magnetization
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Fig. 8. Hard-magnetic network structure. (a) Chiral deformation of a hard-magnetic network structure under magnetic field B*. (b) The hard-magnetic network structure is
divided into hard-magnetic beams with four different deformation modes. (c) Comparison of the target shapes (z; = —3sin (0.0627x, ), z, = 3sin (0.0627x,), x; = —3sin (0.0627z;),
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Table 6
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Four hard-magnetic beams deform into the target shapes (z; = —3sin (0.0627x, ), z, = 3sin (0.0627x,), x; = —3sin (0.06272;), x, = 3sin (0.0627z,)) under the excitation of applied
magnetic field B = 30d; mT. Distributions of magnetic density M is calculated iteratively by three intelligent optimization algorithms in the mixed domain with magnetization
intensity |M| ={0, 38, 76, 114} kA/m and its direction 6™ = 0° ~ 360°.

Shape Algorithm Element 1(2) 3(4) 5(6) 7(8) 9(10) 11(12) 13(14) 15(16) 17(18) 19(20) Error (%)
GA M| (kA/m) 114 38 38 38 76 114 76 114 38 38 2.08
M (°) 182.8 216.8 181.4 274.2 88.8 44.8 136.4 53.7 98.7 343.7 :
Case 1 PSO M| (kA/m) 114 114 114 76 0 38 38 76 38 38 0.95
oM () 183.6 182.6 102.6 100.4 0 84.2 73.9 66.7 55.5 32.7 :
sa M| (kA/m) 114 76 38 76 76 76 38 114 38 0 Los
oM () 210.7 169.8 147.0 104.7 69.5 104.8 60.1 59.4 48.2 0 :
GA M| (kA/m) 114 114 38 114 0 114 0 76 76 76 1.32
oM (°) 345.8 16.1 346.4 109.5 0 84.7 0 115.4 150.6 102.7 )
Case 2 PSO M| (kA/m) 114 76 114 0 0 76 76 38 76 38 1.00
oM (°) 328.2 298.1 64.4 0 0 109.2 94.5 109.7 141.7 114.4 :
SA M| (kA/m) 114 114 0 76 114 38 0 76 38 38 1.06
oM (°) 3.6 19.4 0 68.0 89.7 100.7 0 133.4 87.6 148.2 '
GA M| (kA/m) 114 76 76 76 114 76 38 38 76 38 131
oM () 341.9 26.4 41.5 46.5 123.8 78.6 109.3 113.9 133.2 118.6 :
Case 3 PSO M| (kA/m) 114 114 0 114 38 38 38 114 0 0 1.10
M () 12.2 5.0 0 82.4 102.5 71.6 106.4 130.4 0 0 :
SA M| (kA/m) 114 114 0 38 0 0 38 76 76 76 1.77
oM (°) 317.1 265.7 0 47.2 0 0 131.4 139.6 124.0 98.3 .
GA M| (kA/m) 114 38 114 76 38 76 38 76 0 0 1.32
oM () 181.8 204.1 150.5 76.1 44.9 129.6 325.0 53.8 0 0 :
Case 4 SO M| (kA/m) 114 76 0 0 76 0 38 0 0 76 112
M (°) 188.6 173.5 0 0 104.9 0 303.6 0 0 56.1 '
SA M| (kA/m) 76 114 0 0 76 0 0 114 0 0 155
oM () 179.9 180.4 0 0 81.5 0 0 55.8 0 0 :

density programming modes, and compared three intelligent optimiza-
tion algorithms. All the optimization results remarkably match the
target shapes, demonstrating the effectiveness and versatility of our
strategy for programmable morphing design. Lastly, we extended our
method to more complex optimization cases involving multi-step de-
formations of hard-magnetic beam networks and cellular thin-walled
structures. The results demonstrate not only the powerful programma-
bility of hard-magnetic soft materials, but also the great potential of
our strategy for rational inverse design of hard-magnetic robotics and
biomimetic devices.
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Appendix A. Numerical implementation of 3D hard-magnetic rod
model

The co-rotational approach for spatial beam structures is presented
here. We focus on a single element with nodes A and B (see Fig.
9), tracked over a time interval between ¢, and 1, = t, + Ar. Similar
to conventional 3D beam elements, the spatial state of AB is fully
described by a set of twelve variables associated with the nodes, ie.,
position vector x; and angle vector 6;, where i = A, B. Based on the
known reference state at time 7, the elongation of AB reads

Al=1y -1, = x5 — x| - |x§ —x4]. (18)
In the next state #,, the orientation of AB reads
b _ b
X, —X
e ¥ as
x5 — x|

The rotation of node i from 1, to f, is defined as 46, = 6" — 6.
The transformation angle from directors d{ to d’l’ can be computed as
0 = sin’l(ld’ll X d‘l’ |), while the torsional component at node A is given
by the projection 40, = 46, -d{. Subsequently, the rigid-body rotation
can be given by

a b
IXd]

y =40, + 0, ——.
AxYq abld(llel“

(20)

For the spatial rotational transformation, we normalize y to obtain
e, = {ly,my,ny}T = y/lyl|, where the rotation matrix is constructed
as [71]

R, =T +siny[W, + (1 —cos [y D)W,

o -n m 1)
Wy =| n 0 —ly
—m, ly 0
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Fig. 9. The displacement and rotation of segment AB between ¢, and 7.

The rotational vector y is expressed in the global coordinate system
and can be transformed to the local coordinate at time ¢, as 7 = (Q?)"y.
Here, Q = [d,,d,,ds] is the transformation matrix, where d,,d, and d;
are the corresponding basis vectors. After eliminating the rigid-body
rotation, the nodal rotation at node i becomes

AB;=46,-7, i=AB. (22)

Within the local frame at time ¢,, both the axial deformation 4u,, and
twist angle 4f, along df follow linear interpolation and are defined by
Au,, = Al and A, = APy, &, with & = &/, representing the normalized
position in the local coordinate system. Then, the associated axial strain
and the rate of twist can be derived as

dAu
de,, = —=,
dx (23)
d4f,
Ak = ———.
dx

To characterize the bending deflection, we employ cubic shape func-
tions similar to classical beam elements. Here, we derive 4k, as a
representative case,

w= (& =28+ O ARy, + (& — )1, 4P,

The corresponding rotational angle and bending curvature are given by

(24)

fo__dw _ _2g2 _ag2 Afay ] Af,

Ap, = dy‘c_[ 1+4¢-382 28 36][ Aﬂ}; ]—Nb[ Aﬁﬂi ]
o dw 1 Af,

== phs 2med | g |

(25)

Following the same derivation approach, one can obtain Ax;. Incor-
porating 4e,, and Ak; (i = 1,2,3) into Eq. (5) yields the incremental
variables 4f®' and Am® at the nodes i = A, B. The total elastic forces of
node i in state 1, are then updated through f'® = £ + Af¢. The
expression for the momf:nts rilfl(b) follows a similar form. Moreover,
magnetic contributions f™ and m™ (i = A, B) are computed using
Eq. (13). Detailed formulations can be found in Yang et al. [49].

The internal forces f’.i‘“ and moments Iili.m of node i comprise both
elastic and magnetic part, expressed as fl.i‘“ = f[.el(b) + fl.ma and ﬁli“‘ =
Iﬁfl(b) +m™, i = A, B. Finally, transforming the above variables to the
global coordinate system gives

int _ agint
£ =R, Q™
int _ aaint
=R, Q™.
The numerical solution of the nonlinear system employs an explicit
time integration scheme, which offers computational advantages with

(26)
m
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parallelization. The temporal domain is subdivided into n discrete
intervals with a size of Ar. All state variables at the next step 7,
can be computed solely from the previous step #;,. Following Newton’s
equations of motion, the nodal variables x and 6 are governed by
ek = e @7)
Jaea =m,,

in which the index « is used to identify the node, with m, and J,
representing its associated lumped mass and moment of inertia tensor,
respectively. The total nodal force f, and moment m, at node a consist
of three distinct components, given by

_ pext int dmp
£, = £ — fint _ g5

m, = mexl _ mmt
a o

dmp (28)
-m, .

Note that the dissipative terms are proportional to velocities, with
damping coefficient ¢ scaling both translational and rotational com-

dmp . dmp ; . .

ponents f, * = (X, and m, © = {6,. Here, quasi-static processes are
considered. Therefore, mass and damping factors are implemented as
computational parameters, which only affect the stability and conver-
gence speed of the solving procedure, but not accuracy. For high-speed
transient analysis, viscoelastic effects need to be introduced [81]. For
each node o, fi* and mi™ are accumulated from its N neighboring

elements according to

N
int __ int
fﬂ! - Z fﬂ(i)’

i=1
N

int

2
i=1

For the time derivative in Eq. (27), we employ the central difference
method [72], where the temporal discretization for the step n+ 1 reads

(29)

int _

m, ==

Xn+|

Atz n n n—1
« =m—afn+2X(t—Xa N

(30)
0! = AT 'm” +20" - 0", (n=0,1,2..)
a - a a a a T Ve Dy L]

Appendix B. Intelligent optimization algorithms

In this section, we provide a brief introduction to three intelligent
algorithms including genetic algorithm, particle swarm optimization,
and simulated annealing algorithm. Besides, we present the parameters
used in the implementation of these algorithms.

B.1. Genetic algorithm

The genetic algorithm (GA) is a global search optimization algo-
rithm formed by simulating the process of biological heredity and
evolution, which belongs to the evolutionary algorithm (EA). GA was
first proposed by Holland in the United States and was concluded by
Goldberg based on a series of works. Through continuous development,
GA has been widely used in machine learning, neural networks, control
system optimization and other fields [82-84]. The core of GA is to
pass the genetic information of the parent population on to the next
generation through the genetic operation of “selection”, “crossover”
and “mutation”. “Selection” is to select some excellent individuals
from the parent population according to the individual fitness and
directly carry them to the next generation population. The “selection”
operation ensures that the excellent genes in the parent population
can be preserved. Common selection methods include roulette selec-
tion, championship selection, etc. “Crossover” is the selection of some
individuals in the paternal generation to exchange part of their chro-
mosomes with crossover probability P, to produce new individuals.
“Crossover” allows offspring to inherit good genes from both parents,
which makes it possible to produce better-performing offspring. The
design of the crossing needs to be assisted by the coding operation.
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Common crossing methods include single-point crossing, multi-point
crossing, shuffle crossing, etc. “Mutation” means that an individual
in the parent population changes a gene on the chromosome with
mutation probability P,,. “Mutation” can maintain the diversity of the
population and is conducive to exploring new possible solutions. In this
paper, we adopt roulette selection, single-point crossing with crossover
probability P, = 0.8 and mutation probability P, = 0.01.

B.2. Particle swarm optimization

The particle swarm optimization (PSO) is a global search optimiza-
tion algorithm that simulates the foraging migration and flock behavior
of birds (population), which belongs to the swarm intelligence algo-
rithm (SI). PSO was first proposed by Kennedy and Eberhart. Because
of its simple parameters and strong global search ability, PSO has
been widely used in neural network training, fuzzy control and other
fields [85-87]. Compared with GA, PSO retains the global search strat-
egy based on populations but adopts the speed-displacement update
model to avoid the complex genetic operation (selection, crossover,
and mutation) on individuals. Assuming that there is a population
composed of N particles and the search is in a D-dimensional space,
the update formula of speed V! and displacement X! of the ith particle
when iterating to generation ¢ reads

1 t
VI = Vi + e | (Brea); = X! + a7 (ghey = X))

X =X+ V,

(31

where (pbesl):. and g represent the optimal position of the ith par-
ticle and the whole particle swarm when iterating to generation 7,
respectively. They are called “individual extreme value” and “global
extreme value”. Parameters r’ and r), are uniform random numbers
in the range of [0,1] when iterating to generation t. Parameters c,
and ¢, are “individual” and “social” learning factors, respectively.
In this paper, ¢, = ¢, = 2 is taken in the calculation to ensure
that individual and group experiences occupy the same proportion.
Parameter w is the inertia weight, which can control the development
and exploration ability of the algorithm. We adopt the linear decline
strategy to dynamically adjust w during the search process

(wmax - wmin) t

W= Oy = s (32)
max

where T, represents the maximum number of iterations, and w,,

and w,,,, are the minimum and maximum inertia weights, respectively.

Here, w,,,x = 0.9 and w,,;, = 0.4 are taken. Under these conditions, w is

large in the initial stage of search so particles can be searched globally
in a large range. In the later stage of search, the smaller w can ensure
the fine search of particles near the extreme point, which balances the
ability of global search and local search of the algorithm.

B.3. Simulated annealing algorithm

The simulated annealing algorithm (SA) is a global search algorithm
formed by simulating the annealing process of solid substances in
physics. The idea of SA was first proposed by Metropolis et al. and then
Kirkpatrick applied SA to solve combinatorial optimization problems.
Nowadays, SA has been widely used in control engineering, structure
optimization, machine learning and other fields [88-90]. The core
idea of SA comes from the process of solid annealing. Firstly, set a
higher initial temperature T;, (heating process), and then go through
the isothermal and cooling process in the iterative process, so that
the solution gradually approaches the optimal solution. Unlike GA and
PSO, SA has only one individual in the iterative calculation. Assuming
that the fitness of solution S, is f;, the way to generate new solution
S, is

Sy =8, +rxT, (33)
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where the parameter T represents the current temperature and r is a
uniform random number in the range of [—1, 1]. The fitness of solution
S, is f,, and the increment Af = f, — f,. Then accepting the new
solution follows Metropolis criteria,

1, Af <0,
p(S = 58)= (34)

s
e~ T, Af >0.

It can be seen that even if the fitness of a new solution becomes
larger, it can still be accepted. Moreover, the probability of a new so-
lution being accepted is controlled by temperature 7. The temperature
T is high at the early stage of iteration, and thus the probability of
accepting the inferior solution is large, which ensures a large range
of global searches. The temperature T remains relatively low at the
later stage of the iteration, so only the better solution is accepted,
ensuring a finer search near the extreme value. This is very similar
to the inertia weight w in PSO. The temperature remains constant
during the isothermal process (inner cycle), and the number of itera-
tions during the isothermal process is called Markov chain length L,.
The temperature T becomes smaller in the cooling process (external
cycle). The most commonly used temperature updating function is the
exponential regression function,

T =095 x T, (35)

where k represents the number of current iterations. In this paper, we
set the initial temperature T;, = 200 and Markov chain length L, = 100.

Data availability

Data will be made available on request.
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