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ABSTRACT

The vast configuration space of magnetic metamaterials, enabled by embedding reversibly orientable magnets into rotating-square kirigami
pixels, remains largely unexplored beyond uniform magnetization patterns. To navigate this space, in-plane magnetic orientations are treated
as binary bits, creating 2N�N possible states for an N � N lattice. A Monte Carlo approach, combined with a mapping of all configurations
onto an N2-dimensional hypercube, allows for the systematic statistical enumeration of energy landscapes and single-bit reconfiguration
paths. This framework classifies stability into neutral, monostable, bistable, and tristable classes, with occurrence probabilities converging to
approximately 0, 0.6013, 0.3981, and 0.0006 as system size increases. Programmable responses—including tension–compression asymmetric
stiffness, snap-through instability, and a two-stage absorption/locking energy dissipation mode—are demonstrated. The resulting digital,
graph-based platform points to applications in soft modular robotics, impact-mitigation layers, deployable structures, and mechanical logic.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0318941

Mechanical metamaterials derive their unusual responses from
architecture.1–3 By periodically arranging functional structural units
(“pixels”) into lattice assemblies, they realize counterintuitive behav-
iors, such as auxeticity,4,5 negative stiffness,6–8 and programmable
shape reconfigurations.9–11 Reconfigurable mechanical metamaterials
embed stimuli-responsive mechanisms that modulate either the intrin-
sic properties of individual pixels or their spatial organization, enabling
on-demand tuning of macroscopic mechanics for diverse applica-
tions.12–17 Recent studies further leverage pixel-level multistability to
switch among discrete stable states and thereby tailor global stress–
strain responses, stiffness, and functional responses.18–23

Among them, magnetic interactions provide a long-range, orien-
tation-dependent coupling mechanism,24 enriching material responses,
such as mechanical wave transmission,25–28 multistablility,27 locomo-
tion,29 and information processing.30,31 Leveraging this, recent
magneto-kirigami platforms embed permanent magnets into rotating-
square (RS) kirigami lattices, showing that tuning magnet orientations
enables substantial reprogrammability of static and dynamic
responses.32 Additionally, the nonlinear, orientation-dependent

dipole–dipole interactions can be switched between repulsive and
attractive by controlling neighboring orientations, driving reversible
phase transitions.33 In the RS kirigami, tensile actuation simulta-
neously alters inter-panel spacing and relative orientation, thereby
reshaping the magnetic potential energy and the ensuing mechanical
behavior. These magnetic mechanical metamaterials offer the advan-
tage of reprogrammability. However, previous work has largely been
confined to uniform magnetization patterns, lacking a systematic
method to explore the vast configuration space and tunability afforded
by non-uniform patterns.

Here, we present a systematic, statistical exploration of the config-
uration space for magnetic RS kirigami lattices, employing a hypercube
representation and Monte Carlo-style sampling to predict and classify
their mechanical responses. In this framework, the magnetic orienta-
tion of each pixel is treated as a binary state. For an N � N metamate-
rial, this results in 2N�N orientation configurations, each yielding a
distinct nonlinear energy–displacement response. This enables pro-
grammable transitions among neutrally stable (flat energy landscape
with respect to the kirigami opening angle), monostable, bistable, and
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tristable behaviors. To navigate this vast design space, we introduce a
compact orientation encoding and map all configurations onto the
vertices of an N � N-dimensional hypercube, where traversing an
edge corresponds to flipping a single pixel’s magnetic orientation.
Over this graph, we construct a stability landscape (defined by the
number and location of energy minima), which reveals connectivity
and families of reconfiguration pathways that allow controlled changes
in the count and positions of stable states. Leveraging the diversity of
energy landscapes across configurations, this approach can further
demonstrate selective control of global stiffness and energy absorption.
Taken together, the binary encoding and hypercube mapping establish
a digital, graph-based framework for planning reconfigurations and
for the inverse design of target stiffness and dissipation profiles.
Moving beyond binary encoding toward multi-level magnetization
and spatially graded dipole strength would unlock a combinatorially
richer set of responses; furthermore, the hypercube formalism provides
a principled basis for algorithmic path search when integrated with
field-programmable orientation-addressing schemes. Beyond numeri-
cal analysis, integrating finite element analysis with machine learning
can enhance simulation accuracy and efficiency while enabling the
reversible design of functional properties.34–37

Inspired by the RS mechanism of kirigami, we envision a class of
reprogrammable mechanical metamaterials whose structural configu-
ration can be reconfigured in situ to meet application-specific

requirements. The RS lattice consists of rigid square panels connected
at their vertices by ideal hinges of negligible stiffness and zero friction,
so that geometry dominates and the role of magnet orientation can be
isolated [Fig. 1(a)]. Let l0 denote the side length of a square and h as
the half-opening angle, defined as the in-plane rotation of each square
about its hinge; neighboring squares rotate by 6h. With h from 0� to
90�, the center-to-center spacing l between adjacent panels first
increases and then decreases, accompanied by alternating rotations of
neighboring squares,

l ¼
ffiffiffi
2

p
l0sin hþ 45�ð Þ; (1)

hi ¼ �1ð Þih: (2)

In this system, a positive rotation (h > 0�) is defined as clockwise
(CW), and a negative rotation (h < 0�) as counterclockwise (CCW).
To magnetically couple otherwise kinematically connected pixels, we
embed permanent magnets into the panels. When modeling magnetic
interactions in elastic metamaterials, typical methods include finite ele-
ment analysis,34,36,37 a Morse potential for out-of-plane moments,25,26

and a dipole model for in-plane moments.28,33 In our study, the
embedded hard magnets exhibit in-plane orientation, and we aim to
explore a configuration space encompassing 2N�N possible configura-
tions. Considering both computational efficiency and physical fidelity,
we adopt the magnetic dipole model (further details on the model’s

FIG. 1. Design concepts. (a) RS kirigami lattice with embedded permanent magnets. (b) Dipole–dipole interaction energies EðhÞ for representative NN and NNN magnet pairs,
demonstrating long-range, orientation-dependent magnetic coupling. (c) Exponential growth of the configuration space with system size N. (d)–(e) Examples of the four stability
classes (neutral, mono-, bi-, and tristable) for an N ¼ 4 system, with corresponding configuration codes and stable states (yellow stars).
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applicability in supplementary material Sec. VII). The pairwise dipole–
dipole interaction energy between magnetic moments mi and mj at
positions ri and rj is

38

Eij ¼ l0
4prij3

mi �mj � 3 mi � r̂ij
� �

mj � r̂ij
� �� �

; (3)

where rij ¼ ri � rj, rij ¼ rijj j, r̂ ij ¼ rij=rij. The total magnetic energy
of the whole system is38

Etotal ¼
XN2

i<j
Eij: (4)

The distance rij is a function of h. This geometric dependence directly
modifies the total energy calculation (supplementary material Sec. II).
Because tensile actuation changes both inter-panel distances and rela-
tive magnet orientations [Eqs. (1) and (2)], the magnetic potential Eij
nonlinearly depends on h, thereby shaping the total magnetic potential
Etotal of the system [Fig. 1(b)]. In this paper, the energy normalization
factor is defined as w ¼ l0m

2=4p
ffiffiffi
2

p
l0

� �3
. Consequently, flipping the

orientation of a single magnet can globally reconfigure the energy
landscape and the resulting macroscopic mechanical response (Fig. S1
in the supplementary material).

To enumerate and control the exponentially many magnetization
patterns, we adopt a binary orientation encoding. Each panel carries
one magnet whose in-plane orientation is treated as a binary digit,
with “0” assigned to the upper-left or upper-right diagonal and “1” to
the lower-left or lower-right diagonal at h ¼ 0�. Reading an N � N
array in row-major order yields an N2-bit sequence that uniquely
labels a configuration, enabling systematic exploration of a vast config-
uration space of size 2N�N [Fig. 1(c)]. For simplicity, we use the deci-
mal equivalent of this binary string [e.g., the binary configuration code
“0000 0000 0000 1111B” is represented as a decimal code “15D” in
Fig. 1(d)].

We analyze the energy landscape of the magneto-kirigami meta-
material by tracking how the total potential energy Etotal evolves with
the opening angle h (see the derivation in the supplementary material).
From the landscape, one can determine the number and locations of
stable states, the energy barriers that must be overcome for transitions,
and the associated force–displacement characteristics as well as effec-
tive stiffness.39

In a size N ¼ 4 system, reorienting magnets reveals four stability
classes. Neutrally stable, monostable, bistable, and tristable examples
are shown in Figs. 1(d) and 1(e), together with the corresponding
encoded configurations; yellow stars mark stable states. The four stabil-
ities can be experimentally accessible with NdFeB (N52) magnets in a
3D-printed polylactic acid (PLA) matrix if the dipole-model error is
<1:3%, which requires normalized spacings of

ffiffiffi
3

p
(cube side length),

1.46 (radial cylinder diameter), and 1.52 (axial cylinder diameter). The
diameter-to-length ratio is

ffiffiffiffiffiffiffi
4=3

p
for cylinder magnets (see details in

supplementary material Sec. VII). In the tristable case [Fig. 1(e)], min-
ima occur near both end states (0� and 90�) and at an intermediate
angle (�54:45�), arising from geometric self-locking tendency at facet
contact (end states) combined with attractive dipole–dipole
interactions.40

We numerically determine the stability class for all configurations
in a 4� 4 RS system (Table I), finding monostable (58.40%) and bista-
ble (41.29%) configurations dominate. System size influences stability:

Neutral stability is absent for N ¼ 3 and N ¼ 5, and the tristable pro-
portion decreases with N . These observations suggest that neutral sta-
bility is associated with highly symmetric layouts and that the
probability of the neutrally stable class diminishes with system size,
approaching a steady distribution where monostable and bistable clas-
ses dominate (approximately 0.6 and 0.4, respectively). The exponen-
tial growth of configuration space (e.g., 225 for N ¼ 5) makes
exhaustive enumeration infeasible for larger N . This motivates a
Monte Carlo sampling (5� 106 random configurations per system)
for size N > 5. With increasing N , the probabilities converge to 0.6013
(monostable), 0.3981 (bistable), and 0.0006 (tristable), while neutrally
stable probability remains zero (Fig. S4 in the supplementary
material).

Figure 2 maps the configuration space of N � N RS kirigami lat-
tices onto the vertices of an N � N-dimensional hypercube.41 Each
vertex represents a binary orientation configuration and adjacent verti-
ces differ by exactly one bit (a single-pixel flip), which corresponds to
reorienting a single pixel. Coloring the vertices by the number of stable
states in the associated energy landscape yields a visual summary of
stability classes and their connectivity. This graph therefore serves as a
quantitative guide for planning reconfiguration paths that traverse
edges and alter mechanical behavior through single-pixel flips.

Hypercube networks for N ¼ 2, 3, and 4 [Figs. 2(a)–2(c)] reveal
that despite exponential growth in configuration space with N , vertices
of the same stability class form distinct clusters. The color distribution
mirrors the statistics reported for 4� 4 arrays in Table I, dominated
by monostable and bistable classes, with neutrally stable and tristable
classes being rare.

The hypercube network supports diverse reconfiguration path-
ways for regulating both the number and the locations of stable states.
Figures 2(d) and 2(e) show two representative reconfiguration paths
for N ¼ 4. One path [Fig. 2(d)] sequences through all four stability
classes via single-bit flips, while another [Fig. 2(e)] maintains mono-
stability but relocates the energy minimum. The corresponding
energy-angle curves [Figs. 2(d-ii) and 2(e-ii)] confirm these behaviors.
Besides open paths, closed loops (bit-flip cycles) in the hypercube are
feasible, enabling cyclic regulation of stability properties; examples are
shown in Figs. S5 and S6 in the supplementary material. These estab-
lish a digital, graph-based platform for planning reconfiguration
sequences and for tailoring stiffness and energy absorption in
metamaterials.

Further, by using this energy expression and the principle of vir-
tual work, we obtain the quasi-static force–displacement relationship
(the detailed derivation of the force–displacement relationship in the
supplementary material Sec. II). The metamaterial exhibits distinct
mechanical responses under tensile versus compressive load depending

TABLE I. Multistability probabilities. Values calculated in each case from every possi-
ble orientation distribution.

System size N Neutrally stable Monostable Bistable Tristable

2 0.5 0.25 0.25 0
3 0 0.5859 0.4063 0.0078
4 0.0015 0.5840 0.4129 0.0016
5 0 0.5909 0.4083 0.0008
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on the encoded stable states (Fig. 3). The force–displacement curves in
Figs. 3(a)–3(d) depict four representative behaviors. The system’s
path on these curves is selected by the initial stable state and the load
direction (tension/compression) (detailed analysis in Sec. VI of the
supplementary material).

Considering the case in which the stable state lies at an intermediate
angle, namely h 6¼ 0�; 45�; or 90�. The metamaterial then supports bidi-
rectional deformation and exhibits pronounced tension–compression
asymmetry, as in Fig. 3(a). The tensile stiffness significantly exceeds the
compressive stiffness, indicating higher structural compliance under
compression. This tension–compression asymmetry originates from
the differing kinematic efficiency of converting block rotation to macro-
scopic displacement on each loading branch (see the supplementary
material for details). Selection between these branches is made by load
reversal from its single stable state.

The metamaterial can exhibit snap-through instability, character-
ized by a rapid transition between two stable equilibrium states.
Specifically, when the system resides in a stable state at end point
[h ¼ 0� or 90�, Fig. 3(b)], structural reconfiguration occurs only when
the tensile force exceeds a critical value that overcomes the attractive
dipole–dipole interactions responsible for the metastable state, because
end point states are geometrically self-locked, requiring a finite force to
overcome their energy barrier for switching. In Fig. 3(b), configuration
27D exhibits two independent snap-through events initiating from
h ¼ 0� and 90� with different thresholds. Each path is accessed by
starting from the corresponding end point state. Notably, a

configuration stabilized at h ¼ 45� admits two distinct deformation
branches under uniaxial compression, one with decreasing h and the
other with increasing h (Fig. S7 in the supplementary material).
Because the two branches have comparable stiffness, a bifurcation
point emerges and the response becomes sensitive to small perturba-
tions, which is useful for the design of mechanically assisted logic or
switching elements.42

Beyond these basic behaviors, encoded magnetization can inte-
grate multiple features, such as combining multiple asymmetric-
stiffness levels [Fig. 3(c), configuration 1317D] or merging asymmetric
stiffness with snap-through instability [Fig. 3(d), configuration 99D].
The desired response is selected by choosing the initial stable state or
load direction. The richness of achievable responses stems from the
multiple stabilities of the encoded landscape, enabling real-time func-
tional adaptation without changing the encoding itself. Monotonic
stiffness regulation is also achievable for structures sharing the same
stable angle (Fig. S8 in the supplementary material).

We demonstrate that the digital mechanical metamaterial func-
tions as a tunable and reusable energy absorber. Conventional absorb-
ers rely on irreversible crushing or plastic deformation and therefore
possess fixed, single-use properties.43 In contrast, the present system
achieves reprogrammability and recoverability through in-plane mag-
net reorientation, allowing the absorption profile to be reset or retar-
geted without replacing the structure.

Unlike conventional energy-absorbing materials, this system ena-
bles both multi-path energy capture and stable energy locking via two

FIG. 2. Hypercubic representation and digital reprogrammability of stability configurations. (a)–(c) Hypercube stability graphs for N ¼ 2 (a), N ¼ 3 (b), andN ¼ 4 (c). Vertices
represent binary orientation configurations; edges connect configurations differing by a single-pixel (one-bit) flip. (d) and (e) Representative one-bit reconfiguration pathways
showing continuous regulation of (d) the number of stable states and (e) the location of a stable state. Figures (d-i) and (e-i) are magnified views of the routes marked by red
lines in (c). Panels (ii) show the corresponding energy-angle curves, with stars marking stable states.
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complementary routes: compression and tension [Fig. 4(a)]. The pro-
cess contains an initial absorption phase followed by an energy-locking
phase. During absorption, the structure deforms under compression
(e.g., from 29:3� to 0� for configuration 30D) or tension (to 45�), con-
verting kinetic to magnetic potential energy and potentially reaching a
high-energy unstable state. In the locking phase, a single magnet flip
transitions the system from the unstable high-energy state to a nearby
stable configuration [such as transitioning from configuration 30D to
22D by flipping the (4,1) magnet, or from 30D to 22D by flipping the
(3,3) magnet], effectively locking in the stored energy. This may reduce
the undesired rebound oscillations for energy absorbers, which is a key
advantage in scenarios that require rapid dissipation without
overshoot.

Figure 4(b) shows the energy absorption density vs strain for all
N ¼ 4 configurations (green curves), revealing a broadly tunable
design space. The inset illustrates a single-flip reconfiguration path
(e.g., 15 828D to 21845D) that continuously modulates absorption
capacity from �0:2w=l0

2 to �3:9w=l0
2 (highlighted orange curves).

In Fig. 4(c), stripe-like orientation patterns (alternating horizontal or
vertical bands, here horizontal band is shown) yield the highest energy
absorption density, because nearest-neighbor dipoles across adjacent

moments all experience attractive interactions (horizontal bands) or
repulsive interactions (vertical bands), maximizing the net stored mag-
netic energy. Within the general framework, the maximum attainable
absorption density increases with system size [Fig. 4(c)]. It rises from
about 3:7w=l0

2 at N ¼ 2 to about 5:4w=l0
2 at N ¼ 50. Thus, absorber

performance is size-dependent below a critical scale but converges to a
limit thereafter.

In practical applications, performance depends on several factors
(supplementary material Sec. VIII).34,36,37 Substrate stiffness is critical:
While a rigid substrate ensures magnets follow the intended deforma-
tion path, compliant materials would introduce complex, unpredictable
magnet motions. Deformation speed also matters, as our quasi-static
model does not account for inertial effects under rapid impact.
Furthermore, strong magnetic interactions can induce physical and
numerical instabilities, such as out-of-plane deformations, non-single-
degree-of-freedom motions, or deviations from the ideal dipole model.
Therefore, practical implementation requires ensuring material and
design compatibility with the dipole model, or refining the model based
on specific experimental parameters.

In summary, we present a reprogrammable mechanical metama-
terial platform that integrates rotating-square kirigami with

FIG. 3. Digitally reprogrammable stiffness. (a)–(d) Representative force–strain responses for four encoded configurations (codes above each panel). Strain is referenced to the
starred stable state (negative/positive: compression/tension). Colored branches represent distinct deformation paths originating from the encoded stable states (stars). Path
switching is achieved by either reversing the load direction from a given state or by selecting a different initial stable state (see the supplementary material Sec. VI for details).
Discontinuous jumps indicating snap-through instability between stable states. Insets: total energy landscapes EðhÞ vs opening angle h; stars mark stable states. Colors match
energy branches in insets to force–strain curves. For example, in (c), the red curves in both the main panel and the inset show the compression of the 1317D configuration
starting from steady state 1.
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addressable magnetic pixels. By encoding in-plane magnetic orienta-
tions as binary bits and mapping the 2N�N configurations onto an
N2-dimensional hypercube, we enable a systematic exploration of the
design space. Combined with Monte Carlo sampling, this framework
predicts and classifies energy landscapes into four stability classes and
reveals their connectivity via single-bit reconfiguration paths.

Within this predictive framework, we demonstrate that strategic
patterning and planned bit-flips enable programmable stiffness and
adaptive, multi-stage energy absorption. The digital encoding and
hypercube representation together form a discrete, connected graph,
which naturally supports algorithmic search and inverse design for tar-
get stability, stiffness, and energy dissipation profiles. Beyond the cur-
rent magnetic system, this framework offers a general tool for material
properties and functions, applicable to a wider range of programmable
material systems, such as shape memory alloys44 and metacomposites
exhibiting negative permittivity.45,46 The platform thus suggests prom-
ising applications in areas such as modular robotics and impact mitiga-
tion. Future extensions could include multi-level magnetization to

enrich the response set while preserving digital reconfigurability. It is
important to note that the predictive capability of the framework is
bounded by the core assumptions of the dipole model. Despite provid-
ing specific, experimentally feasible material parameters, the intrinsic
simplifications of the model itself inevitably introduce numerical insta-
bilities.36 And the analysis is based on quasi-static process. To account
for more complex factors—such as arbitrary magnet shapes, matrix
compliance, and dynamic effects—future work could integrate finite
element analysis with machine learning for higher-fidelity modeling
and design.34–37

See the supplementary material for further details on derivation
of the formula, more examples, and other supplementary information
related to the main text.

This work is supported by the National Key Technologies
R&D Program of China (2022YFA1404700, 2022YFA1207000, and
2021YFA0715302), the National Natural Science Foundation of

FIG. 4. Digitally reprogrammable energy absorption. (a) Two-stage absorption-locking mechanism illustrated for configuration 30D. Left: Energy capture via deformation along
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stable configuration, thereby locking the stored magnetic energy; coordinated flips can directly reach a global minimum. Energy-angle curves along the entire absorption and
locking sequence are shown. (b) Energy absorption density–strain for all 4� 4 configurations (green). The highlighted orange curves show a single magnet reconfiguration
path that continuously tunes absorption capacity; inset shows the corresponding one-bit trajectory in configuration space. (c) Maximum attainable energy absorption density as
a function of system sizeN, showing rapid growth at small N and saturation at large N.
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